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Abstract—This paper presents a comprehensive forward-
kinematics analysis of an R, R R robotic manipulator using two
parallel formulations: homogeneous transformation matrices and
dual-quaternion-based kinematics. The objective is to compute
the end-effector pose using both approaches and verify that the
numerical outputs—position and orientation—are equivalent to
machine precision. The results demonstrate that both methods
yield identical solutions within numerical tolerance (~ 107
mm for position), confirming the correctness of the derived
analytical expressions and the reliability of the DQ Robotics
toolbox implementation.

Index Terms—Forward kinematics, homogeneous transforma-
tions, dual quaternions, robotic manipulator, R, R R robot

I. INTRODUCTION

Forward kinematics is a fundamental problem in robotics
that determines the position and orientation of a robot’s end-
effector given its joint parameters. This analysis is essential for
robot control, path planning, and simulation. Multiple math-
ematical frameworks exist for representing and computing
forward kinematics, each with distinct advantages in terms of
computational efficiency, singularity handling, and geometric
insight.

This paper examines an R, RyR serial manipulator—a
three-degree-of-freedom robot consisting of three revolute
joints where the first joint’s rotation axis is perpendicular to the
second, and the second and third joints have parallel rotation
axes. Two computational approaches are employed: classical
homogeneous transformation matrices and the modern dual
quaternion formalism.

The contributions of this work include:

o Derivation of closed-form forward kinematics using ho-
mogeneous transformations

« Implementation using dual quaternion algebra via the DQ
Robotics toolbox

o Numerical validation demonstrating equivalence between
both methods

o Complete MATLAB implementation for reproducibility

II. ROBOT GEOMETRY AND PARAMETERS
A. Joint Configuration
The robot consists of a sequence of three revolute joints
with the following structure:

« Joint 1: Revolute joint with a twist of —90
« Joint 2: Revolute joint, aligned parallel to Joint 3
« Joint 3: Revolute joint

B. Link Parameters

The relevant Denavit-Hartenberg (DH) parameters and link
dimensions are:

ap; = 53.5 mm (D)
as = 150 mm 2)
az = 150 mm 3)
L, =90 mm (offset) 4)

These parameters define the geometric relationship between
consecutive joint frames and are used consistently across both
computational approaches.

III. HOMOGENEOUS TRANSFORMATION METHOD
A. Link Transformations
Homogeneous transformation matrices provide a compact
representation of rotation and translation between coordinate
frames. For the R lR”R robot, three link transforms are
defined:
Transform from base to Joint 1:

cos)y 0 —sinf#; O
__|sinf; 0O cos 0 0

HOI - O _1 0 al (5)
0 0 0 1

Transform from Joint 1 to Joint 2:

—sinfls —cosfy 0 L, + assinby
| cosflp  —sinfy 0 —ag cos By
0 0 0 1
Transform from Joint 2 to Joint 3:
cos(f3 —03) —sin(f3 —02) 0  azsin(f3 — 63)
o — sin(fs — 03) cos(f3 —02) 0 —ascos(f3 — 0s)
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B. Complete Forward Kinematics

The overall transformation is obtained through matrix mul-
tiplication:
Hos = Ho1 - Hiz2 - Hos (®)

This simplifies to the following closed forms for rotation
and position:



Rotation matrix:

—sinfscosf; —cosfcoslls —sinby
Rops = | —sinf;sinfl3 —sinf; cosfs  cosb. 9
—cos b3 sin 03 0

Position vector (base frame):
(ag sinfy + ag cos O3 + L) cos by
pg?fe = | (agsinby + agcos s + L, )sin by
a1 + as cos By — ag sin O3

(10)

C. Laboratory Frame Correction

The laboratory setup measures Z from the top of link 1.
Therefore, an adjusted position vector is used:

base
pg:s,a:
ase
Posy

a9 COS 02 — as sin 93

lab _
Po3 =

1D
where the Z-component is p§%S, — a;.
IV. DUAL QUATERNION METHOD
A. Dual Quaternion Representation
A dual quaternion represents both rotation and translation
in a unified algebraic structure:

X=r-+ 5 T
where r is a unit quaternion representing rotation, ¢ is a pure
quaternion representing translation, and ¢ is the dual unit (¢? =

0).
B. Link Dual Quaternions

12)

Rotation Quaternions:

Tol1 = Rz(Hl) . Rm(—90) (13)
r12 = Rz (92 + 90) (14)
23 = Rz(93 - 92) (15)
Translation Vectors:
tor = [0,0,a1]" (16)
ti2 = [Ly + agsinfa, —as cosHQ,O]T (17)
t23 = [CL3 sin(93 — 92), —as COS(93 — 92), O]T (18)
Link Dual Quaternions:
€
Xo1 = To1 + 5t017“o1 (19)
€
X12 = 12 + §t127"12 (20)
€
Xo3 = T3 + 513237”23 21

C. Complete Pose Computation

The complete end-effector pose is obtained through dual
quaternion multiplication:

(22)

Translation and rotation components are extracted using
the DQ Robotics toolbox functions translation () and
rotation (), then converted to Cartesian coordinates and
rotation matrices for comparison with the homogeneous trans-
formation results.

Xp3 = X1 - X12 * X23

V. NUMERICAL RESULTS

A. Test Configuration

The forward kinematics was evaluated at the zero configu-
ration:

6 = [0,0,0]” (23)

B. Expected Results

At zero joint angles, the expected laboratory-frame end-
effector position is:

Pexpected = [240, 0, 150]T mm (24)

This can be verified geometrically: with all joints at zero,
the end-effector extends along the X-axis by L, 4+ as 4+ a3 =
90 + 150 + 0 = 240 mm, remains at Y = 0, and is at height
a2 = 150 mm above the top of link 1.

C. Computational Results

Both methods produced identical results within numerical
precision:
Homogeneous Transformation Result:

prb. = [240.0000, 0.0000, 150.0000]” mm (25)
Dual Quaternion Result:
PBg = [240.0000, 0.0000, 150.0000]" mm (26)
D. Error Analysis
The differences between the two methods are:
|put — Pooll & 107 mm 27)
Agorientation =0 rad (28)

These errors are attributable solely to floating-point arith-
metic round-off and confirm numerical equivalence.

VI. DISCUSSION

A. Method Comparison

Both homogeneous transformations and dual quaternions
offer distinct advantages:
Homogeneous Transformations:

o Widely adopted and well-understood in robotics

« Direct geometric interpretation

o Standard representation in most robotics textbooks

o 4x4 matrix representation is computationally straightfor-
ward

Dual Quaternions:

o More compact representation (8 parameters vs. 16)

o Natural handling of screw motions

« Efficient for interpolation and velocity computation

o Avoids gimbal lock issues in orientation representation



B. Validation Significance

The numerical agreement between methods serves multiple
purposes:

1) Validates the correctness of the derived analytical ex-
pressions
Confirms proper implementation of both computational
frameworks
Verifies the DQ Robotics toolbox produces consistent
results
Provides confidence in using either method for control
applications

2)
3)
4)

C. Computational Efficiency

For forward kinematics, both methods exhibit similar com-
putational complexity. However, dual quaternions may offer

1

2

advantages in: 3
o Inverse kinematics formulations :

o Trajectory planning with orientation interpolation 6

. . . 7

o Velocity and Jacobian computations 8

9

VII. CONCLUSION 10

This paper presented a complete forward-kinematics analy- :;
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APPENDIX

The complete MATLAB code for computing forward kine-
matics using both methods is provided below.

A. Main Script

clear; clc; close all;

% Robot parameters

al = 53.5; % mm

az = 150; $ mm

a3 = 150; % mm

Lx = 90; % mm

% Joint angles (degrees)
thetal_deg = 0;
theta2_deg = 0;
theta3_deg = 0;

% Convert to radians

frameworks: homogeneous transformation matrices and dual is| thetal = deg2rad(thetal_deg);
: : : 16| theta2 = deg2rad(theta2_deq);
quaternions. Both approaches were implemented in MATLAB 7} © =% — dea2rad (thetad deg)

and produced identical results within machine precision (~ s
10~ mm position error, 0 rad orientation error). "

% Precompute trigonometric values

20 cl = cos(thetal); sl = sin(thetal);
The numerical validation confirms: 21| c2 = cos(theta2); s2 = sin(theta2);
. . . 22| c3 = cos(theta3); s3 = sin(theta3l);
« Correctness of the derived closed-form kinematics equa- 5| .32 - cos (theta3-theta2);
tions 24| s32 = sin(theta3-theta2);

« Reliability of the DQ Robotics toolbox implementation

o Equivalence of both computational methods for this robot
geometry

Future work could extend this analysis to:

o Inverse kinematics solutions using both frameworks |
« Differential kinematics and Jacobian computation i
o Dynamic modeling incorporating mass properties s
o Experimental validation on physical hardware :
7
8
9

The complete MATLAB implementation is provided in
Appendix A for reproducibility and further investigation.
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Listing 1. Forward Kinematics Computation

B. Homogeneous Transformation Method

% Homogeneous transformations
HOl = [ ¢l 0 -s1 O;
sl 0 cl1 O0;
0 -1 0 al;
0 0 0 11;
H12 = [-s2 -c2 0 Lx + a2*s2;
c2 -s2 0 -a2xc2;
0 0 1 0;
0 0 0 11;
H23 = [c32 -s32 0 a3%s32;
s32 ¢32 0 -a3xc32;
0 0 1 0;
0 0 o0 1];

o

% Complete transformation
HO3 = HO1+xH12%H23;

% Extract rotation and position
R_HT = HO03(1:3,1:3);
P_HT = HO3(1:3,4);

% Lab frame correction

HO3_lab = HO03;

HO03_lab(3,4) = HO03_lab(3,4) - al;
p_HT_lab = p_HT;

p_HT_lab(3) = p_HT_ lab(3) - al;

Listing 2. HT Forward Kinematics




&)
3

C. Dual Quaternion Method

% Initialize DQ Robotics

include_namespace_dqg;

% Rotation helper functions

rz = @(ang) (cos(ang/2) + k_xsin(ang/2));
rx = @(ang) (cos(ang/2) + i_xsin(ang/2));
% Rotation quaternions

r0l = rz(thetal) x rx(-pi/2);

rl2 = rz(theta2 + pi/2);

r23 = rz(theta3 - theta2);

% Translation vectors

t01 = al = k_;

tl1l2 = (Lx + a2+xs2)*i_ + (-a2*c2)*j_;

t23 = (a3%s32)xi_ + (-a3%c32)x7j_;

% Dual quaternions

x01 = r01 + 0.5+E_+t01%xr01;

x12 = rl2 + 0.5+E_*tl12%rl2;

x23 = r23 + 0.5+E_*t23%r23;

% Complete pose

x03 = x01 * x12 * x23;

o

Extract translation and rotation
t_DQ = translation(x03);

r_DQ = rotation(x03);

% Convert quaternion to rotation matrix

g = r_DO.qg;

w=q(l); x =q(2); v =aq(3); z = q(4);

R.DQ = [ 1-2x(y~2+z"2), 2% (xXxy — wWxz), 2% (x*xz + Wxy);
2% (xxy + wxz), 1-2%(x"2+272), 2% (Yy*zZ — WxX);
2% (x*%z — wxy), 2x(y*xz + wxx), 1-2x(x"2+y°2) 1;

% Extract position

p_DQ = [ t_DQ.q(2); t_DQ.q(3); t_DQ.q(4) 1;

°

% Lab frame correction
p_DQ_lab = p_DQ;

p_DQ_lab(3) = p_DQ_lab(3) - al;

T — O © ® 3 & ok

Listing 3. DQ Forward Kinematics

D. Error Analysis

o

% Compute errors
pos_err_lab = p_HT_lab - p_DQ_ lab;
pos_err_norm = norm(pos_err_lab);

R_err = R_HT % R_DQ.';
angle_err = acos(max (-1, min(1,
(trace (R_err)-1)/2)));

% Display results

fprintf ('\n===== Forward Kinematics

fprintf (' (Lab frame: Z from top of link-1)\n');

fprintf ('Input angles (deg): thetal=%.2f, ',...
theta2_deg, theta3_deg);

fprintf ('theta2=%.2f, theta3=%.2f\n"',
thetal_deg, theta2_deg, theta3_deg);

disp('HO3_lab =');
disp (HO3_lab);

fprintf ('p_HT lab (mm) = [%$.4f %.4f %.4f]°T\n',...
p_HT_lab(l), p_HT_lab(2), p_HT_lab(3));

disp ('R_HT =");

disp (R_HT);

fprintf ('\n-—-- Dual Quaternion Result —---\n');

fprintf ('p_DQ_lab (mm) = [%$.4f $.4f %.4f]°T\n',...

p_DQ_lab(l), p_DQ_lab(2), p_DQ_lab(3));
disp('R_DQ =");

disp (R_DQ) ;

fprintf ('\n--- Differences (HT - DQ) ---\n'");
fprintf ('Position error (mm): '...
'[%$.3e %.3e %.3e]\n',

pos_err_lab (1),
pos_err_lab(3));

fprintf ('||position error|
pos_err_norm) ;

fprintf ('Orientation error
angle_err);

fprintf ('Orientation error
rad2deg (angle_err)) ;

pos_err_lab(2),
(mm) : %.3e\n',
(rad): %.3e\n',

(deg): %.3e\n',

Listing 4. Error Computation and Display




